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Abstract
We present a generally covariant formulation of conformal higher-order viscoelastic
fluid mechanics with strain allowed to take arbitrarily large values. We give a general
prescription to determine the dynamics of a relativistic viscoelastic fluid in a way
consistent with the hypothesis of local thermodynamic equilibrium and the second
law of thermodynamics. We then elaborately study the transient time scales at which
the strain almost relaxes and becomes proportional to the gradients of velocity. We
particularly show that a conformal second-order fluid with all possible parameters in
the constitutive equations can be obtained without breaking the hypothesis of local
thermodynamic equilibrium, if the conformal fluid is defined as the long time limit of a
conformal second-order viscoelastic system. We also discuss how local thermodynamic
equilibrium could be understood in the context of the fluid/gravity correspondence.
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1. Introduction
Viscoelasticity is the property shared by almost all continuum materials, showing elasticity
at short time scales while behaving as a viscous fluid at long time scales [1, 2]. In papers
[3, 4], the present authors constructed relativistic viscoelastic fluid mechanics in a generally
covariant form based on Onsager’s linear nonequilibrium thermodynamics. We showed there
that, for arbitrary parameters in the constitutive equations, viscoelastic fluids thus defined
behave as standard first-order viscous fluids (obeying the relativistic Navier-Stokes equations
[5, 6]) at long time scales [4]. We also showed that the evolution equations are hyperbolic
for a wide range of parameters due to the elasticity at short time scales. In this sense, a
relativistic viscoelastic model with such parameters gives a causal completion of standard
1
first-order relativistic fluid mechanics [4].
Recently, various models of relativistic fluids with second-order corrections in the deriva-
tive expansion (called second-order fluid mechanics) have been considered in the analysis of
heavy-ion collision experiments and also in the study of the holographic duality between the
long wavelength dynamics of black hole horizons and the dynamics of viscous fluids (see,
e.g., [7, 8] and references therein). For both cases, fluid systems are well approximated to
be invariant under conformal transformations. In particular, in [9] and [10], a model of con-
formal fluid with full second-order corrections was constructed and shown to be consistent
with the second law of thermodynamics for a wide range of parameters [10].
A remarkable point for second-order fluids is that their entropy densities generally con-
tain spatial derivatives of thermodynamic variables. This means that local thermodynamic
equilibrium is broken for second-order fluids. In fact, in thermodynamics the coordinates
x = (x0,x) represent a coarse-grained spacetime point, whose temporal and spatial resolu-
tions we denote by ǫt and ǫs , respectively [3]. We say that local thermodynamic equilibrium
is realized at x with resolution (ǫt, ǫs) if a small spatial region around x (of linear size ǫs)
at time x0 can be well regarded as being in thermodynamic equilibrium at least for a time
duration of ǫt .
1 This implies that the local entropy in the coarse-grained region around x
is already maximized for given values of local thermodynamic variables at x (such as the
energy-momentum density and the charge density), and thus that the entropy density at
x , s(x), is a function only of these local thermodynamic variables and should not depend
on their spatial derivatives (which include contributions from nearby material particles).
Thus, when we consider thermodynamics of second-order fluids, we are generally forced
to give up the hypothesis of local thermodynamic equilibrium and to use (a variant of)
extended thermodynamics, where the entropy density can depend on quantities including
spatial derivatives (such as dissipative currents) [13, 14, 15].
In this paper, introducing the elastic strain tensor as one of local thermodynamic vari-
ables, and utilizing the manifestly Weyl-covariant formulation of conformal second-order
fluid mechanics developed by Loganayagam [10], we construct conformal higher-order (i.e.,
not first-order) viscoelastic fluid mechanics in the Landau-Lifshitz frame in such a way that
local thermodynamic equilibrium and the second law of thermodynamics are manifestly re-
alized. We show that the conformal second-order fluid mechanics of [9, 10] with all possible
parameters in the constitutive equations can be fully recovered as the long time limit of
1We call such spatial regions material particles.
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our viscoelastic model of second order. Thus, if we define conformal second-order fluid me-
chanics as the long time limit of a conformal viscoelastic system, conformal second-order
fluid mechanics can be constructed without violating the hypothesis of local thermodynamic
equilibrium.2
This paper is organized as follows. In section 2, we briefly review a part of the manifestly
Weyl-covariant formulation of conformal second-order fluid mechanics [10]. In section 3, as-
suming local thermodynamic equilibrium, we present a general theory describing relativistic
viscoelastic fluids with large strain. In section 4, we construct conformal higher-order vis-
coelastic fluid mechanics, based on the manifestly Weyl-covariant formalism. In section 5, we
investigate the transient time scales at which the strain almost relaxes and becomes propor-
tional to the gradients of velocity. We there verify our claim that a conformal second-order
fluid with all possible parameters in the constitutive equations can be obtained as the long
time limit of a conformal viscoelastic system that satisfies the hypothesis of local thermo-
dynamic equilibrium. In section 6, we briefly discuss how local thermodynamic equilibrium
could be understood in the context of the fluid/gravity correspondence, and point out that
its manifest realization may lead to the viscoelasticity/quantum gravity correspondence.
Appendix A gives the list of the dimensions and the weights of various local thermody-
namic quantities, and Appendix B collects useful formulas in the manifestly Weyl-covariant
formalism with proofs.
2. Manifestly Weyl-covariant formalism
In this section, in order to fix our notation, we give a brief review on the manifestly Weyl-
covariant formulation of second-order fluid mechanics developed in [10] (see also [16, 17]).
We consider a d-dimensional spacetime with background metric gµν of signature (−,+,
2We comment that local thermodynamic equilibrium can also be realized in divergence-type fluid me-
chanics developed by Geroch and Lindblom [11, 12]. There, a symmetric traceless tensor ξµν is introduced
as a local dynamical variable in addition to the standard dynamical variables ξ ≡ µ/T and ξµ ≡ uµ/T (T :
temperature, uµ: velocity, µ: chemical potential). In fact, the causally completed extensions of Eckart’s
fluid mechanics [11] and of Landau-Lifshitz’s [12] satisfy local thermodynamic equilibrium in the sense that
the entropy density depends only on ξ , ξµ and ξµν . The apparent difference between divergence-type fluid
mechanics and viscoelastic fluid mechanics is that the additional dynamical variable in the former is related
to the conserved current (often denoted by Aλµν), while the strain tensor introduced in the latter has no
origin as a conserved quantity. A possible relationship between two theories will be commented in section 5.
3
. . . ,+). A tensor Qµ...ν... is called a conformal tensor of weight w if it transforms as
Qµ...ν... = e
wφ Q ′µ...ν... (2.1)
under the Weyl transformation3
gµν = e
−2φ g ′µν . (2.2)
We introduce the Weyl connection Γλ(w)µν ≡ Γλµν +W λµν with
Γλµν ≡
1
2
gλσ
(
∂µgνσ + ∂νgµσ − ∂σgµν
)
, W λµν ≡ gµν Aλ − δλµAν − δλν Aµ . (2.3)
Γλ(w)µν is invariant under the Weyl transformation (2.2) if the (non-conformal) vector field
Aµ transforms as
Aµ = A ′µ − ∂µφ . (2.4)
Following [10], we introduce Dirac’s co-covariant derivative [18] for a conformal tensor Qµ...ν...
of weight w as
DλQµ...ν... ≡ ∂λQµ...ν... + Γµ(w) λρQρ...ν... + · · · − Γρ(w) λν Qµ...ρ... − · · ·+ wAλQµ...ν...
= ∇λQµ...ν... +W µλρQρ...ν... + · · · −W ρλν Qµ...ρ... − · · ·+ wAλQµ...ν... , (2.5)
which enjoys the following properties [10]:
DλQµ...ν... = ewφ D ′λQ ′µ...ν... if Qµ...ν... = ewφ Q ′µ...ν... , (2.6)
Dλgµν = 0 , Dλgµν = 0 . (2.7)
Note that if a contravariant vector vµ has weight w = d, the following equality holds:
Dµvµ = ∇µvµ + (w − d)Aµvµ = ∇µvµ (when w = d) . (2.8)
Similarly, if a (2, 0) tensor Qµν is symmetric traceless and has weight w = d+ 2 , we have
DµQµν = ∇µQµν (when w = d+ 2 , Qµν = Qνµ and Qµµ = 0) . (2.9)
Given the velocity field uµ for a fluid (having unit weight and being normalized as
uµ uµ = −1), the vector field Aµ can be uniquely determined by requiring the covariant
derivative of uµ to be transverse (uν Dνuµ = 0) and divergenceless (Dµuµ = 0) [10]:
Aµ = aµ − ϑ
d− 1 u
µ , (2.10)
3Note that gµν itself is a conformal tensor of weight w = −2 . The dimensions and the weights of various
local thermodynamic quantities are listed in Appendix A.
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where aµ and ϑ are the acceleration and the expansion, respectively:
aµ ≡ ∇uuµ ≡ uν ∇νuµ , ϑ ≡ ∇µuµ . (2.11)
In this paper, we write the (anti-)symmetrization of indices as Q(µν) ≡ (1/2)
(
Qµν + Qνµ
)
and Q[µν] ≡ (1/2)
(
Qµν −Qνµ
)
. We further denote the symmetric, transverse, traceless part
of Qµν by
Q〈µν〉 ≡ hαµhβνQ(αβ) −
1
d− 1 (h
αβQαβ) hµν , (2.12)
where hµν ≡ gµν +uµuν is the metric projected to a surface orthogonal to uµ . One then can
show [10] that Dµuν can be decomposed as
Dµuν = σ νµ + ω νµ (2.13)
with4
σµν ≡ D(µuν) = ∇〈µuν〉 , ωµν ≡ D[µuν] = hρµ hσν ∇[ρuσ] . (2.14)
We introduce the Weyl-covariantized Riemann tensor Rµνλσ [10] as the curvature for the
Weyl connection Γλ(w) µν :
5
Rµνλσ ≡ − ∂µΓσ(w) νλ + ∂νΓσ(w)µλ − Γσ(w)µρ Γρ(w) νλ + Γσ(w) νρ Γρ(w)µλ = R′µνλσ . (2.15)
The explicit form is given by
Rµνλσ = Rµνλσ + Fµν gλσ − 4 δα[µgν][λδβσ]
(
∇αAβ +AαAβ − A
2
2
gαβ
)
= e−2φ R′µνλσ . (2.16)
It is easy to see that the following equality holds for a covariant vector vλ of weight w [10]:
[Dµ,Dν] vλ = Rµνλσ vσ + wFµν vλ , (2.17)
Fµν ≡ ∂µAν − ∂νAµ . (2.18)
For a contravariant vector vλ1 of weight w1, we obtain
6
[Dµ,Dν ] vλ1 = −Rµνσλ vσ1 + w1Fµν vλ1 . (2.19)
4Note that σµν = σ〈µν〉 . We will use the abbreviation such as (σ
2)µν ≡ σ αµ σαν and tr(σ2) ≡ σ βα σ αβ . It
then holds that (σn)µν = (σ
n)(µν) = h
α
µ h
β
ν (σ
n)(αβ) for n = 1, 2, . . . , and (ω
n)µν is h
α
µ h
β
ν (ω
n)(αβ) for even
n and h αµ h
β
ν (ω
n)[αβ] for odd n .
5We follow the convention of [16, 17] where all the curvature tensors are negative of those in [10]. Tensors
of non-calligraphic font are the ones constructed from the affine connection Γλµν (i.e. the ones obtained by
replacing Dµ by ∇µ).
6Note that w1 = w + 2 if v
λ
1 = g
λµ vµ .
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We also introduce the following conformal tensors:
Rµν ≡ Rµανα = Rµν + Fµν +∇ρAρ gµν + (d− 2)
(∇µAν +AµAν −A2gµν) = R ′µν , (2.20)
R ≡ R αα = R + 2(d− 1)∇ρAρ − (d− 1) (d− 2)A2 = e2φ R′ , (2.21)
Gµν ≡ Rµν − 1
2
R gµν ,
= Gµν + Fµν + (d− 2)
[
∇µAν +AµAν −
(
∇ρAρ − d− 3
2
A2
)
gµν
]
= G ′µν . (2.22)
These tensors have the following symmetry properties for their indices [10]:
R(µν) λσ = 0 , Rµν (λσ) = Fµν gλσ , R[λµν]σ = 0 , (2.23)
Rµν λσ = Rλσ µν + 4 δα[µgν][λδβσ]Fαβ + Fµν gλσ − gµν Fλσ , (2.24)
vαRα [µν] β vβ = − 1
2
Fµν v2 , R[µν] = d
2
Fµν . (2.25)
The Bianchi identity
(
[Dλ, [Dµ, Dν ] ] + (cyclic)
)
vρ = 0 gives [10]
DλRµνρσ +DµRνλρσ +DνRλµρσ = 0 , (2.26)
∇λFµν +∇µFνλ +∇νFλµ = 0 . (2.27)
Contracting the indices in the first equation, we obtain
DαRµνλα +DµRνλ −DνRµλ = 0 , (2.28)
DνRµν = 1
2
DµR+DνFµν . (2.29)
The last equation is equivalent to
0 = Dµ
(Gνµ −Fνµ) = Dµ(G(µν) − d− 2
2
Fµν
)
. (2.30)
The Weyl tensor is defined as
Cµνλσ ≡ Rµνλσ + 4
d− 2 δ
α
[µgν][λδ
β
σ]
(
Rαβ − R
2(d− 1) gαβ
)
= e−2φ C ′µνλσ . (2.31)
Although this is given only in terms of the metric, we can rewrite it as a sum of Weyl-
covariantized curvature tensors [see Eq. (B.6)]:
Cµνλσ = Rµνλσ −Fµν gλσ + 4
d− 2 δ
α
[µgν][λδ
β
σ]
(
Rαβ − R
2(d− 1) gαβ + Fαβ
)
. (2.32)
When Aµ is constructed from the conformal velocity field uµ of unit weight as in Eq. (2.10),
we have the following formulas [see Eqs. (B.7) and (B.2)]:
uαRα 〈µν〉 β uβ = uαCαµνβ uβ + 1
d− 2 R〈µν〉 , (2.33)
uαRαβ uβ = − tr(σ2)− tr(ω2) . (2.34)
6
The shear σµν and the vorticity ωµν satisfy the following equalities
(Du ≡ uµDµ) [see
Eqs. (B.12), (B.10), (B.3), (B.7) and (B.4)]:
DµDνσµν = R〈µν〉 σµν − 1
2
Fµνωµν + 1
2
DuR+ (d− 2)Dµ(Fµν uν) , (2.35)
DµDνωµν = − d− 3
2
Fµνωµν , (2.36)
Duσµν = uαCαµνβ uβ + 1
d− 2 R〈µν〉 − (σ
2)〈µν〉 − (ω2)〈µν〉 , (2.37)
Duωµν = 1
2
h λµ h
σ
ν Fλσ − (σω + ωσ)µν . (2.38)
One can further show that
Dµ
(
uνRνµ
)
= Rµνσµν + 1
2
DuR− d− 2
2
Fµνωµν −Dµ(Fµνuν)
= DµDνσµν − d− 3
2
Fµνωµν − (d− 1)Dµ(Fµνuν) , (2.39)
Dµ
(
uνRνρh µρ
)
= 2 tr(σ3) + 6 tr(σω2)− 2σµν uαCαµνβ uβ − 2
d− 2 R
µνσµν
− d− 5
2
Fµνωµν +DµDνσµν − (d− 1)Dµ(Fµνuν) . (2.40)
3. Relativistic viscoelastic fluids with large strain
In this paper, we consider a conformal viscoelastic fluid in a d-dimensional spacetime with
background metric gµν(x) . We assume in this section that there exists a conserved charge
(such as particle number) in addition to energy and momentum, and later will ignore the
charge (or set the corresponding chemical potential to be zero) to simplify discussions and
expressions. A viscoelastic fluid then has the following local thermodynamic variables [3, 4]:
pµ(x) , n(x) , gµν(x) , εµν(x) . (3.1)
Here, pµ(x) is the energy-momentum vector, n(x) the charge density, and ε(x) =
(
εµν(x)
)
the strain tensor, which is assumed to be spatial (εµν u
ν = 0) and symmetric (εµν = ενµ)
[3, 4]. We define the proper energy density as
e(x) ≡
√
−gµν(x) pµ(x) pν(x) , (3.2)
which is essentially the sum of the rest mass energy density and the internal energy density.
Note that pµ are always additive quantities, but e is not in a relativistic theory.
In this paper, we work in the Landau-Lifshitz frame, where the velocity field u = uµ ∂µ is
defined as uµ ≡ pµ/e (note that uµ uµ = −1).7 The metric projected to a surface orthogonal
7In this paper, we lower (or raise) indices always with gµν (or with its inverse g
µν).
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to uµ is defined as
hµν ≡ gµν + uµuν , (3.3)
and represents the shape of a material [1, 4]. By writing the velocity field as8
u = uµ ∂µ =
1
N
∂0 +
N i
N
∂i (3.4)
with the lapse function N and the shift functions N i , the metric gµν can be expressed with
the following ADM parametrization:
ds2 = −N2 (dx0)2 + hij (dxi −N i dx0) (dxj −N j dx0) . (3.5)
Note that hµν and h
µν are written as
hµν =
(
h00 h0j
hi0 hij
)
=
(
hklN
kN l −hjkNk
−hikNk hij
)
, hµν =
(
0 0
0
(
h−1
)ij
)
, (3.6)
where h−1 is the inverse matrix of the (d − 1)× (d − 1) matrix h = (hij) . Thus, the local
volume
√
h ≡
√
det(hij) satisfies the identity
9
δ
√
h =
√
h
2
(
h−1
)ij
δhij =
√
h
2
hµν δhµν =
√
h
2
hµν δgµν . (3.7)
We assume that local thermodynamic equilibrium is realized at each spacetime point, so
that the local entropy density s(x) at spacetime point x is given as a function of the values
of these local thermodynamic variables at the same point x, s(x) = s
(
pµ(x), n(x), gµν(x),
εµν(x)
)
. In order to treat conserved quantities, it is often convenient to multiply densities
by the local volume
√
h , and we write such multiplied densities with placing tilde on the
original densities. Then, the fundamental relation for the local entropy s˜ =
√
h s is given by
[3, 4]
δs˜ = − u
µ
T
δp˜µ − µ
T
δn˜+
√
h
2T
T µν0 δgµν +
√
h
T
Sµν δε
ν
µ . (3.8)
Here, T and µ are the temperature and the chemical potential, respectively, and T µν0 =
e uµuν+τµν0 is the quasi-conservative energy-momentum tensor with τ
µν
0 the quasi-conservative
8We denote spacetime coordinates by x = (xµ) = (x0, xi) (µ = 0, 1, . . . , d−1; i = 1, . . . , d−1). Note that
we need not assume uµ to be hypersurface orthogonal when considering only infinitesimal neighbors around
a spacetime point.
9To obtain the last equality, we have used the identity hµν δ
(
uµuν
)
= 0 .
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stress tensor (τµν0 = τ
νµ
0 , τ
µν
0 uν = 0).
10 We write the above with ενµ (not with εµν) for later
convenience. Sµν is assumed to be spatial and symmetric (S
µν = Sνµ) and represents the
entropic (not energetic) force caused by strain.11 If we rewrite δp˜µ and δgµν in Eq. (3.8) in
terms of δe˜ , δuµ and δhµν by using p˜µ = e˜ uµ and gµν = hµν−uµ uν , then terms proportional
to δuµ are all canceled, and we obtain another expression for the fundamental relation:
δs˜ =
1
T
δe˜− µ
T
δn˜+
√
h
2T
τµν0 δhµν +
√
h
T
Sµν δε
ν
µ . (3.9)
We assume the densities with tilde to be extensive:12
λ s˜
(
e˜, n˜, hµν , ε
ν
µ
)
= s˜
(
λ e˜, λ n˜, λ2/(d−1) hµν , ε
ν
µ
)
(∀λ > 0) . (3.10)
Then, taking a derivative with respect to λ and setting λ = 1 afterwards, we obtain the
following Euler relation, having the same form as that for a fluid:
s˜ =
e˜+ P˜ − µ n˜
T
or s =
e+ P − µn
T
. (3.11)
Here, P ≡ (tr τ0)/(d− 1) ≡ gµν τµν0 /(d− 1) = hµν τµν0 /(d− 1) corresponds to the pressure of
an isotropic fluid. From Eqs. (3.7), (3.9) and (3.11), we obtain the fundamental relation for
s ,
δs =
1
T
δe− µ
T
δn+
1
2T
τ
〈µν〉
0 δhµν +
1
T
Sµν δε
ν
µ , (3.12)
together with the Gibbs-Duhem relation,
0 = e δ
( 1
T
)
+ n δ
(
−µ
T
)
+ δ
(P
T
)
− 1
2T
τ
〈µν〉
0 δhµν −
1
T
Sµν δε
ν
µ . (3.13)
We define the order of a local quantity as the order of derivatives necessary to be taken
in order to construct the quantity from local thermodynamic variables pµ, n, gµν , and εµν :
order
pµ , n , gµν , εµν , e , u
µ , T , µ , τµν0 , s 0
σµν , ωµν , . . . 1
Rµνλσ , Rµν , R , Cµνλσ , . . . 2
...
...
(3.14)
10T µν0 and τ
µν
0 were denoted by T
µν
(q) and τ
µν
(q) , respectively, in [3, 4].
11We call Sµν the entropic force since it works such as to maximize the local entropy s˜ . This is in contrast
to the (energetic) elastic force that is exerted on a material particle through the spatial divergence of the
stress tensor (see Eq. (4.11)).
12If we use instead εµν as an independent variable, then it should be scaled in the same way as that for
hµν ; εµν → λ2/(d−1) εµν .
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Accordingly, the energy-momentum tensor of a viscoelastic fluid has the following expansion
in the Landau-Lifshitz frame:
T µν = e uµuν + τµν
= e uµuν + τµν0 + τ
µν
1 + τ
µν
2 + · · ·
(
τµνi uν = 0 ; i = 0, 1, 2, · · ·
)
, (3.15)
where the subscript 0, 1, 2, . . . of a term stands for its order.
4. Conformal viscoelastic fluids with large strain
4.1. Definition
We say that a viscoelastic fluid is conformal if (1) its energy-momentum tensor is traceless
(T µµ = 0) and has weight w = d + 2 and (2) its equations of motion are Weyl covariant.
We assume that the strain ε = (εµν) has the same weight as that of the metric gµν (i.e.,
w = −2). We further assume that the trace of T µν vanishes at each order, obtaining the
equalities
e = tr τ0 = (d− 1)P , tr τi = 0 (i = 1, 2, . . .) . (4.1)
Thus, the conformal energy-momentum tensor is generically written in the following form:
T µν = e uµuν +
e
d− 1 h
µν + τ 〈µν〉
= e uµuν +
e
d− 1 h
µν + τ
〈µν〉
0 + τ
〈µν〉
1 + τ
〈µν〉
2 + · · · . (4.2)
To avoid discussions (and expressions) from being unnecessarily messy, we will set µ = 0 in
what follows.13
For a system of infinite size with free boundary condition, a system which has neither
energy-momentum transfers nor strains at spatial infinity, a global equilibrium is character-
ized by the conditions that (i) ∂s˜/∂p˜µ = −uµ/T be spatially constant and (ii) εµν = 0 [3].
The Weyl-covariant expression for the condition (i) is given by
0 = h αµ Dα
(uν
T
)
=
1
T
Dµuν +
[
h αµ Dα
( 1
T
)]
uν (in global equilibrium) , (4.3)
13For a conformal fluid (in the absence of strain), one can show from the Gibbs-Duhem relation (3.13)
that e and n are written in the form e = e¯ T kµd−k and n =
(
(d−k)/(d−1)) e¯ T kµd−k−1 with some constants
e¯ and k .
10
or {
(i-a) Dµuν = σµν + ωµν = 0
(i-b) h αµ DαT
(
= h αµ (∂αT + aα T )
)
= 0
(in global equilibrium) . (4.4)
We know from (i-b) that the nonvanishing of spatial covariant derivatives of T indicates
departure of the system from global equilibrium,14 so that it should be more natural to
express thermodynamic quantities with the pair (T, h, ε) than with (e, h, ε) when making
the derivative expansion around a global equilibrium state. The temperature T is then the
only dimensionful quantity for a conformal viscoelastic fluid, and we can express various
thermodynamic quantities as follows [σ = (σαβ), ω = (ωαβ)]:
s = T d−1 s¯(h, ε) , e = T d e¯(h, ε) , Sµν = T
d S¯µν (h, ε) , (4.5)
τµν0 = T
d τ¯µν0 (h, ε) , τ
µν
1 = T
d τ¯µν1 (h, ε, σ/T, ω/T ) , . . . (4.6)
From the fundamental relation (3.12) and the Euler relation (3.11) (with µ = 0 and P =
e/(d− 1)), we obtain the following equations:
s¯ =
d
d− 1 e¯ , δs¯ =
d
d− 1 δe¯ =
d
2
τ¯
〈µν〉
0 δhµν + d S¯
µ
ν δε
ν
µ . (4.7)
4.2. Equations of motion
The equations of motion comprise (1) the conservation law of T µν and (2) the rheology
equations [20, 21, 3, 4]. The former, ∇µT µν = 0, determines the evolution of the energy-
momentum pµ = e uµ (or equivalently, that of T and uµ) and describes the motion of material
particles of a given material, while the latter determine the evolution of the strain ε = (εµν)
and describe the plastic deformation of the material.
(1) conservation law
Since T µν is symmetric traceless and has weight w = d+ 2, the conservation law can be
14The acceleration aµ = u
ν∇νuµ = uν (∂νuµ − ∂µuν) can be written as aµ = N−1 h νµ ∂νN for the ADM
parametrization (3.4) and (3.5). Thus, the condition (i-b) can be rewritten as h αµ ∂α(N T ) = 0 , which
is equivalent to ∂i(N T ) = 0 . Note that T0 ≡ N T is the temperature conjugate to the energy density
measured with x0 (not to the proper energy density measured with the local proper time) which includes
the gravitational potential (Tolman’s law), and that it is T0 which becomes spatially constant in global
equilibrium when the gravitational field exists [3, 14, 19].
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written in a Weyl-covariant form by using the equality (2.9) [10]:15
DµT µν = ∇µT µν = 0 . (4.8)
The longitudinal component can be further rewritten as follows:
0 = −uν DµT µν = −Dµ(T µνuν) + T µν Dµuν
= Dµ(euµ) +
[
e uµuν +
e
d− 1 h
µν + τ 〈µν〉
]
σµν
= Due + τ 〈µν〉 σµν . (4.9)
This determines the time evolution of e . Setting δ = Du in the Gibbs-Duhem relation (3.13)
[with µ = 0 and P = e/(d − 1)], and using the identity Dugµν = Duhµν = 0 , we can also
write down the equation determining the time evolution of T :
DuT
T
=
1
d
Due
e
− d− 1
d
Sµν
e
Duεµν
= − 1
d e¯
[
τ¯ 〈µν〉 σµν + (d− 1) S¯µν Duεµν
]
. (4.10)
The transverse component of the conservation law can be interpreted in two ways. When
it is written with the standard covariant derivative ∇µ , the equation hµνDαT αν = 0 gives
the equation
aµ = uν∇νuµ = − 1
e
hµν∇αταν , (4.11)
which determines the time evolution of uµ and describes how a material particle moves under
the influence of the stress τµν . The second interpretation is obtained when the equation is
written in a manifestly Weyl-covariant form:
0 = hµν DαT αν = hµν Dαταν = hµν Dα
(
T d τ¯αν) , (4.12)
or
0 = hµν Dατ¯αν + d τ¯µν
(
h αν
DαT
T
)
, (4.13)
from which the spatial derivatives of the temperatures, h αµ DαT/T , can be expressed in
terms of other local variables.
15See [3] for the derivation of the conservation law ∇µT µν = 0 on the basis of Onsager’s linear regression
theory.
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Equations (4.10) and (4.13) and the identity Duhµν = 0 thus allow us to concentrate our
consideration only on the time evolution of the strain.
(2) rheology equations
The rheology equations, on the other hand, have the following form in the derivative
expansion:
Duεµν = [Duεµν ]0 + [Duεµν ]1 + [Duεµν ]2 + · · · . (4.14)
Their explicit form will be given in section 5 assuming that the strain is small [see Eqs. (5.10)
and (5.11)].
4.3. Entropy production and the second law of thermodynamics
The entropy current sµ consists of the convective part s uµ and the dissipative part sµ(d) ,
sµ = s uµ + sµ(d) , (4.15)
from which the total entropy density is defined as
stot ≡ −uµ sµ = s+∆s
(
∆s ≡ −uµ sµ(d)
)
. (4.16)
Under the hypothesis of local thermodynamic equilibrium (assumed throughout the present
paper), ∆s is a local function of thermodynamic variables (not depending on their spatial
derivatives) and can be absorbed into the original entropy density s . We, however, leave
the possibility of the existence of ∆s in order to make easier the comparison of the results
to be obtained with those obtained in other references based on extended thermodynamics.
The entropy production rate is then given by
∇µsµ = Dµsµ = Dus +Dµsµ(d) . (4.17)
The first term of (4.17) can be expressed explicitly by using Eqs. (3.12) and (4.9) as
Dus = 1
T
Due+ 1
T
Sµν Duενµ = −
1
T
τ 〈µν〉 σµν +
1
T
Sµν Duεµν
= T d−1
(−τ¯ 〈µν〉 σµν + S¯µν Duεµν) , (4.18)
where we again have used the identity Dugµν = Duhµν = 0 . The second term of (4.17) can
be calculated once sµ(d) is given explicitly, whose generic form in the derivative expansion is:
sµ(d) = T
d−1 (m¯ uµ + n¯µ) (n¯µuµ = 0)
= T d−1
[
(m¯0 + m¯1 + m¯2 + · · · ) uµ + n¯µ0 + n¯µ1 + n¯µ2 + · · ·
]
. (4.19)
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Here, n¯µ0 = 0 since a dimensionless transverse vector cannot be constructed only from hµν ,
εµν and u
µ . We will set m¯0 = 0 in the following discussions since m¯0 can be absorbed into
s¯ = s/T d−1 . We leave the possibility of the existence of m¯i (i = 1, 2, . . .) for the reason
stated below Eq. (4.16).
5. Conformal viscoelastic fluids at transient time scales
5.1. Small strain expansion
We denote the shear (i.e. traceless) component of the strain tensor ε = (εµν) by εS = (ε
S
µν) ≡
(ε〈µν〉) , and decompose the strain as
εµν = ε
S
µν +
1
d− 1 (tr ε) hµν . (5.1)
The rheology equations then take the following form in the derivative expansion:16
DuεSµν = const.T εSµν + const. σµν + · · · , (5.2)
Du tr ε = const.T tr ε+ const.T tr(ε2S) + const. tr(εSσ) + const.T−1 tr(σ2) + · · · . (5.3)
As time elapses, the strain gets relaxed and the rate of change becomes small. If the time
scale of observation is sufficiently long, then the left hand sides of Eqs. (5.2) and (5.3) become
negligible compared to the right hand sides, and we obtain17
εSµν → const. T−1 σµν + · · · , (5.4)
tr ε → const. tr(ε2S) + const.T−1 tr(εS σ) + const. T−2 tr(σ2) + · · ·
≃ const.T−2 tr(σ2) + · · · . (5.5)
Thus, in order to investigate a conformal viscoelastic fluid at the transient time scales where
Duεµν is small but still not negligible, it is convenient to expand the equations of motion
16An explicit parametrization is given in Eqs. (5.10) and (5.11).
17Note that, unlike the shear part (5.4), the trace part, tr ε , cannot contain terms proportional to the
gradient of velocity, ϑ = ∇µuµ , in the derivative expansion, since ϑ is not a conformal scalar. This is
consistent with the absence of bulk viscosity in conformal fluids.
14
based on the following semi-long time (SLT) order :
SLT-order
e, T, . . . 0
σµν , ωµν , ε
S
µν , . . . 1
tr ε, R〈µν〉, . . . 2
...
...
(5.6)
For the rest of this section, we investigate a conformal viscoelastic fluid at the transient time
scales to second SLT-order in the constitutive equations.
We first expand the energy-momentum tensor
T µν = T d
[
e¯ uµuν +
e¯
d− 1 h
µν + τ¯ 〈µν〉
]
(5.7)
to second SLT-order as18
τ¯ 〈µν〉 = a1 T
−1 σµν + a2 T
−2 (σ2)〈µν〉 + a3 T
−2 (σ ω)〈µν〉 + a4 T
−2 (ω2)〈µν〉
+ a5 T
−2 uαC
α〈µν〉β uβ + a6 T
−2R〈µν〉
+ b1 ε
µν
S + b2 (ε
2
S)
〈µν〉 + b3 T
−1 (εS σ)
〈µν〉 + b4 T
−1 (εS ω)
〈µν〉 + · · · . (5.8)
We also expand the entropic force caused by the strain, Sµν = T d S¯µν , as
S¯µν = S¯〈µν〉 +
1
d− 1 (tr S¯) h
µν = ℓ1 ε
µν
S + ℓ2 (ε
2
S)
〈µν〉 + · · ·+ (ℓ3 tr ε+ · · · )hµν , (5.9)
and the rheology equations as19
DuεµνS = c1 σµν + c2 T−1 (σ2)〈µν〉 + c3 T−1 (σ ω)〈µν〉 + c4 T−1 (ω2)〈µν〉
+ c5 T
−1 uαC
α〈µν〉β uβ + c6 T
−1R〈µν〉
+ d1 T ε
µν
S + d2 T (ε
2
S)
〈µν〉 + d3 (εS σ)
〈µν〉 + d4 (εS ω)
〈µν〉 + · · · , (5.10)
Du tr ε = f0 T tr ε+ f1 T tr(ε2S) + f2 tr(εS σ) + f3 T−1 tr(σ2) + f4 T−1 tr(ω2)
+ f5 T tr(ε
3
S) + f6 tr(ε
2
Sσ) + f7 T
−1 tr(εSσ
2)
+ f8 T
−1 tr(εS σ ω) + f9 T
−1 tr(εS ω
2) + f10 T
−2 tr(σ3) + f11 T
−2 tr(σ ω2)
+ f12 T
−1 εµνS u
αCα〈µν〉β u
β + f13 T
−2 σµν uαCα〈µν〉β u
β
+ f14 T
−1 εµνS R〈µν〉 + f15 T−2 σµν R〈µν〉
+ f16 T
−1DµDνεµνS + f17 T−2DµDνσµν + · · · . (5.11)
18As can be seen from Eqs. (2.33) and (2.37), only two are independent among the symmetric, transverse,
traceless tensors of weight two; Duσµν , uαRα〈µν〉βuβ , R〈µν〉 , uαCαµνβuβ [10]. We will take R〈µν〉 and
uαCαµνβu
β as such two in the following discussions.
19The equations generalize those given in [20, 21, 4] (where only c1 and d1 are nonvanishing).
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Then, by using Eq. (4.18), Dus can be expressed explicitly as follows:20
Dus = T d
[
ℓ1 d1 tr(ε
2
S) + (−b1 + ℓ1 c1) T−1 tr(εS σ)− a1 T−2 tr(σ2)
+ (ℓ2 d1 + ℓ1 d2) tr(ε
3
S) + (−b2 + ℓ2 c1 + ℓ1 d3) T−1 tr(ε2S σ)
+ (−b3 + ℓ1 c2) T−2 tr(εS σ2) + (b4 + ℓ1 c3) T−2 tr(εS σ ω) + ℓ1 c4 T−2 tr(εS ω2)
− a2 T−3 tr(σ3)− a4 T−3 tr(σ ω2) + ℓ1 c5 T−2 εµνS uαCα〈µν〉β uβ
− a5 T−3 σµν uαCα〈µν〉β uβ + ℓ1 c6 T−2 εµνS R〈µν〉 − a6 T−3 σµν R〈µν〉
]
. (5.12)
As for the dissipative part sµ(d) in the entropy current s
µ = s uµ+sµ(d) , we need to expand
it to second SLT-order:21
sµ(d) = T
d−1
{ [
A1 T
−1 tr(εS σ) + (A2/2) T
−2 tr(σ2) + (A3/2) T
−2 tr(ω2)
+ (A4/2) T
−1 tr(ε2S σ) + A5 T
−2 tr(εS σ
2) + A6 T
−2 tr(εS σ ω)
+ A7 T
−2 tr(εS ω
2) + A8 T
−2R+ · · · ]uµ
+ A9 T
−1DνεµνS + A10 T−2Dνσµν + A11 T−2Dνωµν + A12 T−2 uνRνρh µρ + · · ·
}
.
(5.13)
As mentioned before, the scalar in front of uµ represents the correction ∆s to the original
entropy density s ; ∆s = stot − s. Local thermodynamic equilibrium is inevitably broken
when any of these coefficients Ai (i = 1, . . . , 8) do not vanish. Although we eventually set
Ai = 0 (i = 1, . . . , 8) later, we leave them for a while for comparison with other references.
The entropy production rate can then be written in the following form [note that Dµsµ =
∇µsµ due to Eq. (2.8)]:
Dµsµ = Dµ
(
s uµ + sµ(d)
)
= Dus+Dµsµ(d)
= T d
{
ℓ1 d1 tr(ε
2
S) + (−b1 + ℓ1 c1 + A1 d1) T−1 tr(εS σ) + (−a1 + A1 c1) T−2 tr(σ2)
+ (ℓ2 d1 + ℓ1 d2) tr(ε
3
S) + (−b2 + ℓ2 c1 + A1 d2 + A4 d1 + ℓ1 d3) T−1 tr(ε2S σ)
+ (−b3 + A4 c1 + ℓ1 c2 + A5 d1 + A1 d3 −A1) T−2 tr(εS σ2)
+ (b4 + ℓ1 c3 + A6 d1 −A1 d4) T−2 tr(εS σ ω) + (ℓ1 c4 + A7 d1 − A1) T−2 tr(εS ω2)
+ (−a2 + A1 c2 + A5 c1 −A2 + 2A12) T−3 tr(σ3)
20Since (εS)
T = εS , σ
T = σ , ωT = −ω , we have tr(εSσω) = (1/2) tr
(
(εSσ + σεS)ω
)
= (1/2) tr
(
εS(σω −
ωσ)
)
.
21We have neglected terms proportional to T d−1 uµ tr ε or T d−1 uµ tr(ε2S) since they can be absorbed into
s [see a comment below Eq. (4.19)]. We also have neglected terms proportional to Fµν uν since it is at least
of third-order derivative [see Eq. (B.13)].
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+ (−a4 + A7 c1 + A1 c4 −A2 − 2A3 + 6A12) T−3 tr(σ ω2)
+ (ℓ1 c5 + A1) T
−2 εµνS u
αCα〈µν〉β u
β + (−a5 + A1 c5 + A2 − 2A12) T−3 σµν uαCα〈µν〉β uβ
+
(
ℓ1 c6 +
A1
d− 2
)
T−2 εµνS R〈µν〉
+
(
−a6 + A1 c6 + A2
d− 2 − 2A8 −
2
d− 2 A12
)
T−3 σµν R〈µν〉 + A9 T−2DµDνεµνS
+ (2A8 + A10 + A12) T
−3DµDνσµν + · · ·
}
. (5.14)
Here we have used Eq. (2.40) and neglected terms proportional to Dµ(Fµν uν) or DµDνωµν
= −((d − 3)/2)Fµν ωµν since they are at least forth-order derivatives [see Eqs. (B.13) and
(B.17)]. We also have used the fact that T can be treated as being covariantly constant to
this order (DµT ≃ 0) since both DuT and h αµ DαT are at least of second SLT-order [see
Eqs. (4.10) and (4.13)].
Now, if we set
A9 = 0 , 2A8 + A10 + A12 = 0 , (5.15)
the entropy production rate takes the following bilinear form in our approximation:
Dµsµ = T d ~V TµνM ~V µν (5.16)
with
M =


ℓ1 d1
ℓ1 c1−b1+A1 d1
2
∗
ℓ1 c1−b1+A1 d1
2
−a1 + A1 c1 ∗
∗ ∗ ∗8×8

 , ~V µν =


εµν
S
σµν/T
(ε2
S
)〈µν〉
(εS σ)
〈µν〉/T
(εS ω)
〈µν〉/T
(σ2)〈µν〉/T 2
(σ ω)〈µν〉/T 2
(ω2)〈µν〉/T 2
uα Cα〈µν〉β uβ/T
2
R〈µν〉/T 2


. (5.17)
The second law of thermodynamics is then certified if the coefficient matrix M is positive
semi-definite.
The conformal fluid mechanics of [10] is obtained by setting the parameters as follows:
a1 = η1 , a2 = −η2 + η4 , a3 = −2 η3 , a4 = −η2 + η5 ,
a5 = η2 + η6 , a6 =
η2
d− 2 , bi = ci = di = fi = 0 (i = 1, 2, · · · ) ,
A2 = η2 +
d− 4
d− 2 η6 , A3 = −
1
2
(
η5 +
d+ 2
d− 2 η6
)
, A8 =
η6
2(d− 2) , A11 =
η5 + 3η6
2(d− 3) ,
A12 = − η6
d− 2 , A1 = A4 = A5 = A6 = A7 = A9 = A10 = 0 . (5.18)
17
A calculation based on the fluid/gravity correspondence shows that A2 6= 0 , A3 6= 0 , A8 6= 0
[9, 10, 16], and thus local thermodynamic equilibrium is broken for such conformal fluids.
In the next subsection, we show that the breakdown of local thermodynamic equilibrium
can be avoided if a conformal fluid is always defined as the long time limit of a conformal
viscoelastic system.
5.2. Long time limit and second-order fluid mechanics
We now consider a conformal higher-order viscoelastic system when the time scale of obser-
vation is much longer than the relaxation times of the strain:
DuεµνS ≪ d1 T εµνS , Du tr ε≪ f0 T tr ε . (5.19)
As in first-order viscoelastic systems (see, e.g., [4]), our second-order viscoelastic system
comes to behave as a second-order viscous fluid (which is conformal now). In fact, the
rheology equations (5.10) and (5.11) gives the following equations in the long time limit:22
εµνS → −
1
d1
[
c1 T
−1 σµν + c2 T
−2 (σ2)〈µν〉 + c3 T
−2 (σ ω)〈µν〉
+ c4 T
−2 (ω2)〈µν〉 + c5 T
−2 uαC
α〈µν〉β uβ + c6 T
−2R〈µν〉
+ d2 (ε
2
S)
〈µν〉 + d3 T
−1 (εS σ)
〈µν〉 + d4 T
−1 (εS ω)
〈µν〉 + · · · ]
≃ − c1
d1
T−1 σµν −
[ c2
d1
+
d2
d1
( c1
d1
)2
− d3c1
d21
]
T−2 (σ2)〈µν〉 −
( c3
d1
− d4c1
d21
)
T−2 (σω)〈µν〉
− c4
d1
T−2 (ω2)〈µν〉 − c5
d1
T−2 uαC
α〈µν〉β uβ − c6
d1
T−2R〈µν〉 + · · · , (5.20)
tr ε → − 1
f0
[
f1 tr(ε
2
S) + f2 T
−1 tr(εSσ) + f3 T
−2 tr(σ2) + f4 T
−2 tr(ω2) + · · · ]
≃ −
[f1
f0
( c1
d1
)2
− f2
f0
c1
d1
+
f3
f0
]
T−2 tr(σ2)− f4
f0
T−2 tr(ω2) + · · · . (5.21)
Substituting this into the constitutive equations (5.7) and (5.8), we obtain the energy-
momentum tensor in the long time limit:
T µν(long) = a0 T
d (gµν + d uµuν) +
a1 d1 − b1 c1
d1
T d−1 σµν
+
a2 d
3
1 + b1 (c1 d3 d1 − c21 d2 − c2 d21) + b2 c21 d1 − b3 c1 d21
d31
T d−2 (σ2)〈µν〉
+
a3 d
2
1 + b1 (c1 d4 − c3 d1)− b4 c1 d1
d21
T d−1 (σ ω)〈µν〉 +
a4 d1 − b1 c4
d1
T d−2 (ω2)〈µν〉
22Note that the long time limit of shear strain, Eq. (5.20), has the same form as the additional dynamical
variable ξµν in divergence-type conformal fluid mechanics (see Eq. (98) of [12]).
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+
a5 d1 − b1 c5
d1
T d−2 uαC
α〈µν〉β uβ +
a6 d1 − b1 c6
d1
T d−2R〈µν〉 + · · · . (5.22)
Here, we have set e¯ = (d − 1) a0 (a0: constant) since e¯ becomes constant in the long time
limit (Stefan-Boltzmann law). Equation (5.22) has the same form as the energy-momentum
tensor of a generic conformal second-order fluid [10, 16, 17].
Interestingly, even if we start from a viscoelastic system with manifest local thermody-
namic equilibrium [i.e. a system with Ai = 0 (i = 1, . . . , 8) so that ∆s = 0], all terms can
appear in T µν(long) with any possible values, in a way consistent with the second law of ther-
modynamics. In fact, there are no constraints on parameters in the constitutive equations
in order for the strain εµν to be converted to spatial derivatives (such as σµν and ωµν) in
the long time limit [see Eqs. (5.20) and (5.21)]. Furthermore, we can also understand the
appearance of spatial derivatives in the entropy density of a conformal fluid as a result of
the same conversion mechanism, which is now applied to the entropy density with manifest
local thermodynamic equilibrium:
s = s(pµ, gµν , εµν) = s(pµ, gµν , 0) + const. T
d−1 tr(ε2S) + const.T
d−1 tr ε+ · · · , (5.23)
that transmutes in the long time limit into the one with spatial derivatives:
s(long) = s(pµ, gµν , 0) + const. T
d−3 tr(σ2) + const. T d−3 tr(ω2) + const. T d−3R+ · · · .
(5.24)
Thus, even though the hypothesis of local thermodynamic equilibrium holds at short time
scales for our viscoelastic system, it is seemingly broken when the system is observed at long
time scales and is treated as a viscous fluid.
6. Conclusion and discussions
In this paper, we defined conformal higher-order viscoelastic fluid mechanics. We wrote down
the equations of motion in such a way that the evolution is consistent with the second law of
thermodynamics. We further showed that any conformal second-order fluid with arbitrary
parameters in the constitutive equations can be obtained by taking the long time limit
of a viscoelastic conformal fluid, without violating the hypothesis of local thermodynamic
equilibrium.
On the other hand, if one trusts the fluid/gravity correspondence, the entropy current sµ
of a conformal fluid can be computed in the gravity side. The result [10, 16] shows that the
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total entropy density stot contains spatial derivative terms with nonvanishing coefficients,
and thus we know that local thermodynamic equilibrium is violated even at short distance
scales for such conformal fluids that have gravity duals.23
As was argued in [3], even when local thermodynamic equilibrium is realized for a system
with resolution (ǫt, ǫs), spatial derivative terms are naturally induced in the total entropy
density (as the entropy functional in the language of [3] or as in Eq. (5.24)) if we observe the
system at larger scales in both the temporal and the spatial directions. Since viscoelastic
fluids allow a description with manifest local thermodynamic equilibrium, we expect that
the fluid/gravity correspondence is an already coarse-grained correspondence between vis-
coelastic fluid mechanics and a more microscopic description of gravity. If this is the case, it
then should give an important clue to finding fundamental degrees of freedom in quantum
gravity to try to formulate such “viscoelasticity/quantum gravity correspondence.” A study
along this line is now in progress and will be reported elsewhere [22].
As another direction of future research, it would be interesting to apply viscoelastic fluid
mechanics to the phenomenology of heavy-ion collision experiments. In fact, relativistic
viscoelastic model gives a causal completion of relativistic fluid mechanics (the latter being
defined as the long time limit of the former) [4], and thus it is tempting to assume that
there is a phase of viscoelasticity prior to the stage of viscous fluidity. Then, it is important
to investigate how elasticity at short time scales affects the dynamics of states right after
collisions. In particular, one should investigate whether elasticity drives the system to an
ideal fluid more rapidly than in the standard second-order fluid mechanics, as has been
observed in divergence-type fluid mechanics [12].
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A. Weights of local thermodynamic variables
The Weyl weight of a (p, q) tensor Q
µ1···µp
ν1···νq of dimension ∆ is given by w = ∆ + p− q . We
list below the dimensions and the weights of various local thermodynamic quantities.
dimension ∆ weight w order SLT-order
Dµ 1 0 1 N/A
uµ 0 1 0 0
εSµν = ε〈µν〉 0 −2 0 1
tr ε 0 0 0 2
gµν 0 −2 0 0
hµν = gµν + uµuν 0 −2 0 0
Rµνλσ 2 −2 2
Cµνλσ 2 −2 2
Rµν = Rµανα 2 0 2
Fµν = ∂µAν − ∂νAµ 2 0 2
R = R αα 2 2 2
pµ d d− 1 0 0
e =
√−gµνpµpν d d 0 0
s = s(e, εµν) d− 1 d− 1 0 0
T = (∂s/∂e)−1 1 1 0 0
sµ = s uµ + sµ(d) d− 1 d N/A N/A
T µν = e uµuν + τµν d d+ 2 N/A N/A
(A.1)
B. Useful formulas
In this appendix, we prove a few useful formulas which are used in the main text.
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For the Weyl-covariantized Riemann tensor (2.15)–(2.18), the following equality holds:
uα uβ h ρµ h
σ
ν Rρασβ = uα uβ h σν Rµασβ = uαRµανσuσ + uαuβuσuνRµα (σβ)
= uα
(Rµανσ − Fµα δσν )uσ = uα [Dµ,Dα] uν = −DµuαDαuν −DuDµuν
= − (σ2)µν − (σ ω)µν − (ω σ)µν − (ω2)µν −Du(σµν + ωµν) , (B.1)
where hµν = gµν+uµuν and Du = uµDµ . By decomposing Eq. (B.1) into the trace part, the
symmetric traceless part, and the antisymmetric part, we obtain the following identities:24
uαRαβ uβ = − tr(σ2)− tr(ω2) , (B.2)
uαRα〈µν〉β uβ = (σ2)〈µν〉 + (ω2)〈µν〉 +Duσµν , (B.3)
1
2
h ρµ h
σ
ν Fρσ = (σ ω + ω σ)µν +Duωµν , (B.4)
where we have used the relation Rµα (σβ) = Fµα gσβ and uαRα[µν]β uβ = (1/2)Fµν [see
Eqs. (2.23) and (2.25)].
The Weyl tensor (2.31),
Cµνλσ ≡ Rµνλσ + 4
d− 2 δ
α
[µgν][λδ
β
σ]
(
Rαβ − R
2(d− 1) gαβ
)
, (B.5)
can be rewritten as a sum of Weyl-covariantized curvature tensors with the use of Eqs. (2.16),
(2.20) and (2.22):
Cµνλσ = Rµνλσ −Fµν gλσ + 4
d− 2 δ
α
[µgν][λδ
β
σ]
(
Rαβ − R
2(d− 1) gαβ + Fαβ
)
. (B.6)
This exhibits that Cµνλσ is a conformal tensor of weight −2. Since the tensor Lλσαµνβ ≡
4 δλ[αgµ][νδ
σ
β] satisfies u
αLλσα〈µν〉β u
β = − δλ〈µ δσν〉 , we have25
uαCαµνβ u
β
(
= uαCα 〈µν〉 β u
β
)
= uαRα 〈µν〉 β uβ − 1
d− 2 R〈µν〉 . (B.7)
24We can show that Eqs. (B.2)–(B.4) are equivalent to the well-known evolution equations of ϑ, σµν , and
ωµν (such as the Raychaudhuri equation) by using the following equations:
uαRαβ uβ = uαRαβ uβ +∇uϑ−∇µaµ + ϑ
2
d− 1 ,
Duσµν = h αµ h βν Duσαβ = h αµ h βν ∇uσαβ +
ϑ
d− 1 σµν ,
Duωµν = h αµ h βν Duωαβ = h αµ h βν ∇uωαβ +
ϑ
d− 1 ωµν ,
1
2
h ρµ h
σ
ν Fρσ = h αµ h βν ∇[αaβ] −
ϑ
d− 1 ωµν .
25Note that uα Cαµνβ u
β = uα Cα 〈µν〉β u
β since Cαµνβ = Cβνµα and u
αuµCαµνβ = 0 = Cαµνβu
νuβ .
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Multiplying Eqs. (B.3) and (B.4) by σµν and ωµν , respectively, and using Eq. (B.7), we
obtain the following formulas:
σµν uαRα〈µν〉β uβ = σµν uαCαµνβ uβ + 1
d− 2 R
〈µν〉σµν
= tr(σ3) + tr(σ ω2) + σµν Duσµν , (B.8)
1
2
Fµνωµν = −2 tr(σ ω2) + ωµν Duωµν . (B.9)
We can also show
DµDνωµν = 1
2
[Dµ,Dν ]ωµν = −R[µν] ωµν + 3
2
Fµν ωµν
= − d− 3
2
Fµνωµν , (B.10)
Dµ
[
uν
(Gνµ − Fνµ)] = (Dµuν)(G(µν) − d− 2
2
Fµν
)
= G〈µν〉σµν − d− 2
2
Fµνωµν
= R〈µν〉σµν − d− 2
2
Fµνωµν , (B.11)
DµDνσµν = DµDνDµuν −DµDνωµν = Dµ[Dν ,Dµ] uν + d− 3
2
Fµνωµν
= Dµ[(Rµν − Fµν) uν]+ d− 3
2
Fµνωµν
= Dµ[uν(Gνµ −Fνµ)]+ 1
2
DuR+ (d− 2)Dµ
[Fµν uν]+ d− 3
2
Fµνωµν
= R〈µν〉σµν + 1
2
DuR− 1
2
Fµνωµν + (d− 2)Dµ
[Fµν uν] . (B.12)
We can show that the spatial vector Fµν uν vanishes up to third-order derivatives:26
Fµν uν = −
(
σµν + ωµν
)
aν − hµν ∇uaν + 1
d− 1 h
ν
µ ∂νϑ = O(ǫ
3) . (B.13)
In fact, from Eqs. (4.9) and (4.11), we find
1
e
Due = ∇u ln e+ d
d− 1 ϑ = O(ǫ
2) , aµ = − 1
d
hµα ∂α ln e+O(ǫ
2) , (B.14)
and thus have
hµν ∇uaν = − 1
d
hµν ∇u
(
hνα ∂α ln e
)
+O(ǫ3)
= − 1
d
hµν (∇uhνα) ∂α ln e− 1
d
h αµ ∇u∂α ln e+O(ǫ3)
= − 1
d
hµν
(∇u(uνuα)) ∂α ln e− 1
d
h αµ ∇α∇u ln e+
1
d
h αµ (∇αuβ) ∂β ln e+O(ǫ3)
=
1
d− 1 aµ ϑ+
1
d− 1 h
α
µ ∂αϑ+
(
σ αµ + ω
α
µ +
1
d− 1 ϑh
α
µ
)
∂β ln e+O(ǫ
3)
=
1
d− 1 h
α
µ ∂αϑ− (σ αµ + ω αµ ) aα +O(ǫ3) . (B.15)
26We denote terms of nth and higher order derivatives by O(ǫn) .
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Similarly, using Eq. (B.14), we can show that the spatial components of Fµν vanish up
to third-order derivatives:
1
2
h αµ h
β
ν Fαβ = h αµ h βν ∇[αaβ ] −
ϑ
d− 1 ωµν
= − 1
d
h αµ h
β
ν ∇[α
(
h λβ ] ∂λ ln e
)− ϑ
d− 1 ωµν +O(ǫ
3)
= − 1
d
h αµ h
β
ν (∇[αuβ ])∇u ln e−
ϑ
d− 1 ωµν +O(ǫ
3)
= O(ǫ3) , (B.16)
from which we have
Fµν ωµν = O(ǫ4) . (B.17)
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